Third International Conference "High Performance Computing"
HPC-UA 2013 (Ukraine, Kyiv, October 7-11, 2013)
______________________________________________________________________________________________________________

Parallel numerical simulation of wave
propagation in 3D elastic medium with application
of the Laguerre transform
Mikhail A. Belonosov1 , Sergey A. Solovyev1 , Galina V. Reshetova2 , Vladimir A. Tcheverda1
1

2

Institute of Petroleum Geology and Geophysics SB RAS, Novosibirsk, Russia
Institute of Computational Mathematics and Mathematical geophysics SB RAS, Novosibirsk, Russia
BelonosovMA@ipgg.sbras.ru, solovevsa@ipgg.sbras.ru, kgv@nmsf.sscc.ru,
CheverdaVA@ipgg.sbras.ru

Abstract. In this paper, we apply an approach for numerical simulation of elastic waves in heterogeneous medium,
based on the implementation of integral Laguerre transform with subsequent domain decomposition. Following the
Laguerre transform, we obtain a system with strictly negative definite elliptic operator, which doesn’t depend on
separation parameter. Therefore, parallel calculations can be organized by means of the additive Schwarz method and
systems of linear algebraic equations in each subdomain can be solved by means of LU factorization. In the paper we
study this approach in 3D case.
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1 Introduction
The large-scale numerical simulation of elastic wave propagation in realistic 3D heterogeneous media is impossible
without parallel computations based on domain decomposition. So far, the most popular approach here is to use explicit
finite-difference schemes based on staggered grids, despite drawbacks such as the necessity to perform data
send/receive at each time step, full re-simulation of the wavefield for each new source, and hard disk data storage for
implementation of a reverse-time migration. In this regard, considerable attention has recently been given to the
development of alternative techniques for simulation of seismic waves, especially, the ones working in the temporal
frequency domain [1]. However, the use of such methods for general heterogeneous media also faces a range of
significant issues. The main issue is a consequence of the indefiniteness of the impedance matrix. This property brings
about a very slow rate of convergence for the iterative procedures solving the linear algebraic equations resulting from
the finite dimensional approximation of the elastic wave equations in the temporal frequency domain.

2 Statement of the problem. Solution algorithm
Let us consider a system of second order elastic equations for a volumetric source with zero initial conditions.
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Cijkl is stiffness tensor, x0 reflect spacial coordinate of the source, f (t ) is the source

function. In order to restrict the target area, we use a certain modification of the elastic Perfectly Matched Layer (PML)
presented in [2]. Such a modification was proposed and implemented by G.V. Reshetova and V.A. Tcheverda [3]. Let
us use Laguerre transform in order to exclude time variable t from (1) and solve system in spatial space. The integral
Laguerre transform for the function u ( x, z , t ) ∈ L2 (0, ∞) is given by the following relation:
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with the inversion formula

u ( x, z , t ) = ∑ u n ( x, z )(ht ) 2 l nα (ht ) (3)
n =0

Here
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h ∈ R+ , α ∈ Z + and Lαn (ht ) being classical Laguerre polynomials [4].

Application of the integral Laguerre transform to the system of elastic equations (1) transforms it to the system of
elliptic second order partial differential equations with a negative definite operator:

Lu n = g n
Here

u n are unknown coefficients from (3) and g n are right hand sizes depending on source and on u1 ...u n −1 . The

finite different approximation gives a system of linear algebraic equations with a sparse nine-diagonal negative definite
matrix. It is worth mentioning that the matrix of this system does not depend on the separation parameter n.
Parallelization of the algorithm is implemented on the base of the domain decomposition and the additive Schwarz
method [5], [6]. The basic idea of this method is to search for the solution not in the original computational domain, if it
is too large, but to decompose it to elementary subdomains (Figure 1.a) of an appropriate size and to resolve the
problem in each of these subdomains. In particular, to resolve the boundary value problem in the domain D with the
boundary S, it is decomposed to two overlapping subdomains D1 and D2 (Figure 1.b), so two new boundaries S1 and
S2 are introduced. The Schwarz alternations start with computation of solutions within subdomains D1 and D2 with
arbitrary boundary conditions on S1 and S2, respectively. For each subsequent iteration (m+1), the solution in D1 is
constructed using as boundary conditions on S1 the trace of a solution in D2 computed by the previous iteration (m).
The same procedure is used to update the solution in D2. The convergence of iterations for this version of the additive
Schwarz method is ensured by the negative definiteness of the operator and overlapping of the neighboring subdomains.

a

b

Fig. 1. a. 3D domain decomposition; b. The overlapping domain decomposition and Schwarz iterations

3 Organization of parallel calculations
Since system of linear algebraic equations (SLAE), obtained after approximation (2), does not depend on the separation
parameter, it is reasonable to use direct solver on the base of LU decomposition: in each subdomain it can be done only
once, saved in the RAM and subsequently be used for all right-hand sides.
In order to perform the LU factorization and to solve a SLAE for a large number of right-hand sides we use Intel
Math Kernel Library (Intel MKL) PARDISO direct solver that is optimized under Intel processor architecture and is
parallelized via OpenMP. In order to improve the factorization performance, algorithms of Intel MKL PARDISO are
based on a Level-3 BLAS update. Moreover, there are additional features in PARDISO, which can improve the
performance, in particular, leftlooking [7] and two-level [8] factorization algorithms. The first algorithm improves the
scalability on a small number of threads while the second – on many threads (more than eight). The computational cost
of solving SLAE with many right-hand sides (RHS) is the same or higher than those needed for factorization. A solving
step in Intel MKL PARDISO is optimized both for one RHS and for many RHS.
In spite of using the effective matrix format CSR (compress sparse row), which are designed to store sparse
matrices, tests showed that memory “bottle neck” is storing LU factors, which are results of decomposition of initial
matrix A. For example to solve 2D problem in domain 1600x1600 need to have about 8 GB RAM. It not so bad,
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because many modern high performance systems have such resources. However, if we try to solve 3D problem with not
so big sizes, very huge size of RAM is required. So, the problem 80x80x80 fit in the 8GB RAM.
Improving the algorithms of matrix decomposition is one of main lines of development in computational
mathematic. Nevertheless, the fill-in of LU factors cannot be significantly decreased even via modern packages like
METIS or SCOTCH. These packages are based on row-column reordering of an initial matrix by using Nested
Dissection (ND) algorithm [9]. However for 3D problems need to find another approaches to decrease fill-in. One of
them is low-rank approximation method, H-technique and H-matrices. The fact is that diagonal blocks of LU-factors
can be effectively represented in H-format; non-diagonal blocks and Schur complement can be approximated by lowrank matrices [10]. Therefore, computational resources can be significantly decreased [11]. The FLOPS and memory
estimation for different algorithms of factorization stage are provided in the Table 1.
Tab.1. Computation resources of LU-decomposition for 3D problem (NxNxN mesh points)
Low-rank
approximation

LU decomposition

ND algorithm

FLOPS

O( N 8 )

O( N 6 )

O( N 4 )

Memory
consumption

O( N 5 )

O( N 4 )

O( N 3 )

4 Numerical experiments
Numerical experiments were carried out on the high performance computer of the Moscow State University with a
hybrid parallel architecture: 519 nodes, each of them consists of two quad-core processors and has 8 GB RAM.
The first experiments were performed to understand the dependence of the number of iterations on the number of
subdomains is analyzed. These results are presented in Table 2. We have considered a simplest situation: a
homogeneous elastic medium, separated by various number of subdomains, as showed in Figure 2. The system (1) is
solved for each type of decomposition, the number of Schwarz iterations is measured.

Fig. 2. 1D decomposition of computational domain
Tab.2. Dependence of number of Schwarz iterations on number of subdomains
Number of
subdomains

2

3

4

5

6

7

8

Number of
iterations

3

4

5

6

7

8

9

In the second experiment, computational domain consists of inhomogenous medium with two layers as presented in
Figure 3a. Each layer has own wave propagation velocities (in the top level V p

V p = 5000 m/s, Vs =

Vp
3

) and common density

= 3600 m/s, in the low one

ρ = 1500kg / m 3 . As the source function, we chose Ricker

impulse with dominant frequency 30 Hz. It is located in the center of computational domain, which separated by 27
subdomains as showed in Figure 1a. Each subdomain is handled by own cluster node with 8GB RAM. The
neighborhood subdomains exchanges between each other by solution after each Schwarz iteration. The size of the
computational domain was 800x800x800m. The result of this experiment is presented in Figure 3b (snapshots in two
projections).
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a

Fig. 3. а. Inhomogeneous layered medium; b. The result of this experiment – snapshots in two projections

b

The research described was performed in cooperation with Saudi Aramco (CRDF grant RUE1-30034-NO-13) and
partially supported by RFBR grants 11-05-00947, 12-05-31008, 13-05-00076 and by SB RAS projects #127 and 130.

References
[1] Plessix R.E.: A Helmholtz iterative solver for 3D seismic imaging problems. Geophysics 72(5) (2007) 185–194
[2] Collino F., Tsogka C.: Application of the PML absorbing layer model to the linear elastodynamic problem in
anisotropic heterogeneous media. Geophysics (2001) vol. 66, no. 1, 294–307
[3] Reshetova G.V., Tcheverda V.A.: Implementation of Laguerre transform to construct perfectly matched layer
without splitting. Mathematical modelling 18(1) (2006) 91–101
[4] Suetin P.K.: Classical orthogonal polynomials. M.: Nauka (1974) 203–243
[5] Chan T., Mathew T.P.: Domain decomposition. Acta Numerica (1994) vol. 3, 61-143
[6] Nepomnyashchikh S.V.: Domain decomposition methods. Radon Series Comput. Appl. Math. 1 (2007) 81–159
[7] Schenk O., Gartner K., Fichtner W.: Efficient Sparce LU Factorization with Left-right Looking Strategy on Shared
Memory Multiprocessors. BIT. 240 (2000) no. 1, 158–176
[8] Schenk O., Gartner K.: Two-level scheduling in PARDISO: Improved Scalability on Shared Memory
Multiprocessing Systems. Parallel Computing 28 (2002) 187–197.
[9] J. A. George, Nested dissection of a regular finite element mesh, SIAM J. Numer. Anal., 10 (1973), pp. 345–363.
[10] Chandrasekaran, S., Dewilde, P., Gu, M., Somasunderam, N.: On the numerical rank of the off-diagonal blocks of
Schur complements of discretized elliptic PDEs. SIAM J. Matrix Anal. Appl. 31, 2261–2290 (2010)
[11] J. Xia, Robust and efficient multifrontal solver for large discretized PDEs, High-Perform. Sci. Comput., M. W.
Berry et al. (eds.), Springer (2012), pp. 199-217.

-51-

